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Pressure tuned incommensurability and guest
structure transition in compressed scandium
from machine learning atomic simulation†

Sheng-cai Zhu, ‡*a Zhen-bo Huang,‡a Qingyang Hu bc and Liang Xud

Scandium (Sc) is the lightest non-main-group element and transforms to a host–guest (H–G) incommensu-

rate structure under gigapascal (GPa) pressures. While the host structure is stable over a wide pressure range,

the guest structure may exist in multiple forms, featuring different incommensurate ratios, and mixing up to

generate long-range ‘‘disordered’’ guest structures. Here, we employed the recently developed global neural

network (g-NN) potential and the stochastic surface walking (SSW) global optimization algorithm to explore

the global potential energy surface of Sc under various pressures. We probe the global minima structure in a

system made of hundreds of atoms and revealed that the solid-phase transition between Sc-I and H-G Sc-II

phases is fully reconstructive in nature. Above 62.5 GPa, the pressure will further destabilize the face-

centered tetragonal (fct, Sc-IIa) guest structure to a body-centered tetragonal phase (bct, Sc-IIb), while

sustaining the host structure. The structural transition mechanism of this work will shed light on the nature

of the complex H–G structural modifications in compressed metals.

1. Introduction

Atoms of single element metals are often packed in high
symmetry under ambient conditions, whereas a specific group
of metals may transition to a complex incommensurate struc-
ture that comprises interpenetrating host and guest (H–G)
components under pressure. The guest structures are chains
of atoms filling the channels of the host structure, often along
the longer c axis.1,2 As a measure of the H–G structure, the
incommensurate ratio g is defined as ch/cg, where ch and cg are
the c axis length of host and guest structures, respectively. The
intriguing structural complexity has led to experimental and
theoretical discoveries of incommensurate phenomena on a
variety of metals.3–5 To date, the H–G structures have been
found in nine elements, namely Ba, Sr, Sc, Ca, As, Sb, Bi, Rb
and K.2,6–8 However, due to the enlarged lattice size and

sophisticated atomic packing, our knowledge on the structural
characterization and transitions in H–G structures is still
sketchy. We are facing three challenges in probing the H–G
structures: (i) the exact incommensurate ratio g,9 (ii) the guest
configuration,1,2,7–11 and (iii) the transition mechanism from
the simple high symmetry phase to the complex H–G structure
under high pressure.

The ambient stable Sc (hcp, Sc-I) transforms to an incom-
mensurate structure above 23 GPa. It has attracted special
interest12–22 since the single element Sc features one of the
highest superconducting transition temperatures Tc in the
periodic table,16 and Tc increases to B19.6 K by applying an
external pressure in incommensurate Sc-II.13,18 A snapshot of
Sc-II shows that its host framework is made of a tetragonal
lattice with 8 atoms.23 However, the guest structure is contro-
versial. Fujihisa et al.24 proposed that the guest structure has a
body-centered tetragonal (bct) lattice with an anomalously
short interatomic distance in the guest atomic chains. Later,
using the monochromatic synchrotron XRD technique, McMa-
hon et al.11 found that the guest structure with a face-centered
tetragonal (fct) lattice fits better. Ormeci et al.12 employed first-
principles simulation and explained that the discrepancy stems
from the lower energy of the fct guest structure (superspace
group I4/mcm(00g)) than the body-centered tetragonal guest
structure (superspace group I4/mcm(00g)). Varying the incom-
mensurate ratio, Arapan et al.25 constructed a series of Sc-II
crystal structures with difference g (3/2, 4/3, 5/4, 6/5, 10/7, and
14/11) and suggested that those with g = 14/11 and 4/3 have
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relatively lower energies. In other incommensurate metals, for
example Ba-IV, McMahon et al. found1 that the fct guest lattice
transitions to a face-centered monoclinic (fcm) lattice at
12.6 GPa and then to a two-dimensional pattern with disor-
dered guest–atom chains at 19 GPa.26 The study showed that
the guest structure can follow the symmetries of fct, fcm and
even the ‘‘disordered’’ guest structure. It was worth noting that
the stability pressure range of Sc-II spans over 80 GPa (from
23 to 104 GPa),23 which is much wider than those of other
incommensurate structures (e.g. Ba and Sr). However, the
nature of the large pressure stability range of Sc-II is still
unknown.

The structural complexity of the incommensurate structure
is a major challenge for exhaustive first-principles simulations.
Taking the fct (g = 14/11) guest lattice Sc-II as an example, there
are 116 atoms in the tetragonal supercell (88 host atoms and
28 guest atoms). To date, it has been beyond the capability of
first-principles simulation to construct the entire high-pressure
potential energy surface. To ensure speed and calculation
accuracy, we for the first time developed a machine learning
potential27 for the high-pressure Sc system, namely, the Sc
global neural network (g-NN) potential, which is B4 orders
faster28 than density functional theory while maintaining suffi-
cient precision in calculating energies. Using the stochastic
surface walking (SSW)29–31 global optimization based on the
g-NN potential, we found that the fct guest lattice transited to
the bct lattice when the pressure is above 56 GPa. Using SSW
pathway sampling, we identified a preferred transition pathway
from Sc-I to Sc-II, along which the atomic structure is recon-
structed in the recrystallization mechanism. A similar transi-
tion mechanism can readily be applied to other metals with
incommensurate structures.

2. Methods
2.1 SSW global optimization and pathway sampling

The SSW global optimization29–31 was implemented in the
package of large-scale atomic simulation with the neural net-
work potential (LASP, webpage www.lasphub.com).32 In the
SSW method, the movement on the potential surface is guided
by the random soft mode (a second derivative) direction, which
is capable of exploring both novel structures and reaction
pathways exhaustively and unbiasedly. By combining SSW with
the global neural network potential27 (described below), we are
able to map the complex potential energy surface (PES) of Sc.

The solid-phase transition mechanism between Sc-I (hcp)
and Sc-II was investigated by the SSW–NN method. Through
SSW–NN sampling, a large set (in the order of 103) of the initial
state and final state (IS/FS) pairs was collected at 30 GPa,
including the lowest energy barrier pathways. The transition
state of the possible pathways was located by using the variable-
cell double-ended surface walking (VC-DESW)31 approach and
refined by sorting the heights of computed energy barriers.
Then, pathways with lowest energies will be further calculated
by calculations on the basis of density functional theory (DFT)

to obtain the accurate energetic barrier of the reaction. This
method has successfully been used to predict the low-energy
pathways of crystal phase transitions, such as the free energy
landscape of carbon allotropes.33,34

2.2 High-pressure Sc g-NN potentials

The g-NN potential is generated using the SSW–NN method,
which is now implemented using the LASP software. The g-NN
potential is obtained by self-machine learning of the DFT data
set by minimizing the difference between the NN and DFT
results on the total energy, interatomic force, and lattice stress.
In this work, the representative first-principles data set was
generated by SSW global optimization, covering pressures of
0, 30, 60, 90, 120, 150 and 180 Gpa. The data set is calculated
using the Vienna ab initio simulation package with high accu-
racy criterions35 (see below). The typical procedure and the
hyperparameters utilized in the g-NN training can be found in
recent publications.27 In each cycle, the g-NN potential is tested
with a newly generated structure from SSW. More than 107

structures on the high-pressure Sc PES were observed by
SSW–NN during the generation process and the final training
data set of Sc consists of 5558 structures to represent the global
PES. The g-NN follows the feed-forward NN architecture with
five layers (212-60-50-50-1), with 18 643 fitting parameters con-
sisting of 91 two-body, 93 three-body and 12 four-body descrip-
tors. For the final g-NN potential, the root-mean-square errors
for the energy and force reach 4.181 meV per atom and
0.114 eV Å�1, respectively. The validation of the NN potential
is found in Table 1. This g-NN potential is currently included in
the g-NN library of LASP (accessible from the LASP webpage).
We have also benchmarked the g-NN accuracy against the DFT
results for important structures, which show that the energy
root-mean-square is no more than 4 meV per atom for low energy
structures and pathways in this work. The benchmarked high
accuracy of the g-NN PES suggests that it is a good approximation
to the DFT PES, which can be utilized to expedite the global
structure search and pathway determination.

Table 1 Relative energy (DFT and NN) and lattice configuration of 10
lowest energy structures at 30 GPa. Str-1 is the global minimum (GM), both
the DFT and NN energies were set to zero. The last column lists the Sc–Sc
bond distance

Number Symmetry

DFT
(eV per
atom)

NN
(eV per
atom)

Guest
structure g

Sc–Sc (Å)

Host Guest

Str-1 P%1 0 0 fcm 1.247 3.327 2.623
Str-2 I4/mcm 0.004 0.002 fct 1.332 3.352 2.516
Str-3 C2/m 0.005 0.002 fcm 1.333 3.356 2.517
Str-4 Cc 0.01 0.012 bcm 1.198 3.248 2.710
Str-5 P63/mmc 0.012 0.013 — — 2.928a

Str-6 R%3m 0.014 0.014 — — 2.927a

Str-7 P%1 0.014 0.013 bcm 1.169 3.275 2.802
Str-8 P6/mmm 0.015 0.016 — — 2.808a

Str-9 R32 0.021 0.013 — — 2.884a

Str-10 P63/mmc 0.022 0.021 — — 2.880a

a The Sc–Sc distance is for the shortest distance.
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2.3 DFT calculations

The g-NN potential training relies heavily on the DFT calculated
energy, forces and stresses of structures. To achieve the high
accuracy and data consistency, our DFT calculations were
performed in the plane wave density functional theory program
and organized by a module in the generation of the LASP g-NN
library. The electron–ion interactions of the Sc atom are repre-
sented by the projector augmented wave scheme.36 To describe
the electronic structure of different Sc phases under high
pressures, the Sc potential with 3s23p63d14s2 valence orbitals
was used. The exchange–correlation functional is described by
the generalized gradient approximation in Perdew–Burke–Ern-
zerhof parameterization.37 The kinetic energy cutoff is 450 eV.
The fully automatic Monkhorst–Pack K-mesh with 25 times
the reciprocal lattice vectors was used for the Brillouin zone
k-point sampling.38 The geometry convergence criterion was set
as 0.001 eV Å�1 for the maximal component of force and
0.01 GPa for lattice stress.

3. Results
3.1 The Sc global PES at 30 GPa

First, we explored the Sc PES at 30 GPa using the SSW–NN
method. More than 500 000 minima were sampled using dif-
ferent sizes of the supercell with up to 48 atoms. After removing
the identical structural isomers, we finally obtained 16 610
distinct structures. The lowest energy 10 structures were further
investigated by DFT. Table 1 shows the energy from DFT and
NN calculations. We plotted the total energy against the struc-
tural order parameter, the Steinhart-order parameter with
degree l = 2 (OP2),39 as shown in Fig. 1a. The density of states
(DOS) is visualized by color gradients in the two-dimensional
PES. The higher DOS means the greater probability to find

energetically degenerate structures with similar structural
patterns.

At 30 GPa, we found the global minimum of Sc is located at a
H–G structure with the fcm guest structure, which contradicts
with the experimental fct-type Sc-II.11 The inconsistence
between the experiment and the present calculation may be
due to an insufficient supercell size in simulation. It is well
known that the H–G structure is extremely complex; both the
commensurate ratio and guest configuration will influence the
energy. For example, the bct configuration with the guest
configuration g = 14/11 has a lower energy than the fct configu-
ration with the guest configuration g = 10/7 (see the following
content). However, lacking periodicity in the c direction, the
huge system (the truly incommensurate structure exhibits a
large supercell) PES searching is beyond our calculation cap-
ability. We also found that the global minimum is surrounded
by minima with close energies (Fig. 1). It is worth mentioning
that their energies were cross-checked by DFT calculations and
we have reached an excellent agreement between NN and DFT.
On the PES, six representative low energy minima were high-
lighted with symbols in Fig. 1a, namely Str-1 to Str-5, and Str-10
sorted by the descending energy, in which Str-1 to Str-4 are H–G
isostructures (Fig. 1b), while Str-5 is a double hexagonal-close-
packed (dhcp) structure and Str-10 is Sc-I with the hcp struc-
ture, which is not shown. The highly ranked H–G structures are
consistent with experiments in which Sc forms the H–G struc-
ture under compression. Our results confirmed that all H–G
structures have close energies. However, they feature very
different Steinhart order parameters, indicating that they have
a distinct local atomic environment, which originates from
different guest configurations and commensurate ratios. Spe-
cifically, their guest structures took the configurations of fcm,
fct, fcm and body-centered-monoclinic (bcm), respectively, and
the incommensurate ratio ranged from 1.169 to 1.333.

Fig. 1 (a) Global PES for filtered low energy structures using the OP2 B E contour plot. The main figure is enlarged from the inset covering the full
energy range from the SSW–NN PES data. OP2: the structure order parameter with l = 2. Structures below are labelled by black dots and triangles with
coordinates (OP2, E): black dots, Str-1(0.0062, 0) and Str-2 (0.1428, 0.002); black hollow triangles, Str-3 (0.0137, 0.002) and Str-4 (0.0089, 0.011); and red
stars, Str-5(0.0065, 0.013) and Str-10 (0.1190, 0.022). (b) Atomic structures of Str-1, Str-2, Str-3 and Str-4, and the H–G structure. The incommensurate
ratios are indexed after the abbreviated guest structure type. Symbols: pink ball, Sc of the host structure; grey ball, Sc of the guest structure.
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Other than the H–G structure, the global PES is made up of a
large, smeared DOS zone, where the structures generally have
higher energies but they are frequently observed by our struc-
tural searching algorithm. According to the energy landscape
theory,40 all the structures were unbiasedly sampled; given the
relative lower energy of the higher DOS zone, it is possible that
these structures will be the structural intermediates on the
transition pathway from Sc-I to Sc-II, as the amorphous phase.

We also constructed the same PES at 90 GPa, which is shown
in Fig. S1 in the ESI.† In addition to our previous work,41 SSW–
NN enabled much extensive structural search and the global
minima structure of the Ccca-type phase eventually reached an
agreement with the experiment,41 which is not the P41212
structure.42 By comparing the energy, we found that the
P41212 structure has a higher energy than the Ccca structure.
Additionally, the simulated XRD of the P41212 structure is
inconsistent with the experiment. Among the lowest energy
structures, there are two H–G structures whose energies are
only 12–14 meV per atom above the Ccca structure. Their host
structures and guest structures are distorted, while the whole
H–G structures are similar to Sc-II at 30 GPa. The distortion of
the host and guest structure helps in reducing local stress. Such
modulations have been found in Ca-VII at 210 GPa3 and S at
400 GPa.43

3.2 Variation of the guest structure in Sc-II

The coupling of the incommensurate ratio g to the guest
configuration would form a new H–G structure. First, we
generated a series of structures with g of 3/2, 10/7, 4/3, 14/11,
5/4, and 6/5 (as shown in Fig. S2a, ESI†) and calculated their

energies. Then, we change the guest tetragonal lattice to the
monoclinic lattice, namely fcm, bcm and even the bct guest
configuration with g = 14/11. The departure from tetragonal is
defined by the deviation angle (b). For convenience, we use t,
which defined as La/LcT (La is the length of the supercell in a
direction, Lc is the shift distance in the c direction, and T is
Ta/Tc, see Fig. S3, ESI†), to measure this deviation. Here, each
guest configuration (fct, fcm and bcm) H–G structure contains
several structures (t from 1 to 6). The enthalpies for all of the
H–G structures as a function of pressure (from 25 to 80 GPa)
are plotted in Fig. 2a and b. For both fct and bct, H–G
structures with g = 14/11 have the lowest energies. However,
the energy of the bct configuration decreases abruptly at above
35 GPa. Consequently, bct with g = 14/11 and 5/4 became
energetically favorable at 50 GPa. Here, via systematic
research, we suggest that Sc-II will undergo the guest structure
phase transition to the bct configuration when the pressure is
above 50 GPa.

Fig. 2c plotted the energy vs. g for the bct and fct guest
configurations at 30 GPa (60 GPa results are shown in Fig. S3c,
ESI†). The energy of the bct configuration (Fujihisa’s model) is
higher than that of the fct configuration (McMahon’s model)
with the same commensurate ratio at a pressure range of
25–50 GPa, which is consistent with Ormeci.12 However, at
above 60 GPa, a high g (414/11) range in the bct guest becomes
more energetically favored. Our results suggest that the energy
of the H–G structure is influenced by both the incommensurate
ratio g and guest configuration. From Fig. 2c, we can find that,
in fct and bct guest configuration H–G structures, the optimal
value of g under different pressures (30 and 60 GPa) is 14/11.

Fig. 2 (a) Relative energies of the fct guest configuration as a function of pressure (relative to g = 14/11 of fct). (b) Relative energies of the bct guest
configuration as a function of pressure (relative to g = 14/11 of fct). (c) Energies vs. g at 30 GPa. (d) Relative energies of hcp and Sc-II with bct (g = 14/11)
and Ccca structures as a function of pressure (relative to the fct 14/11 structure).
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As shown in Fig. S3 in the ESI,† a series of structures (t = 1,
2, 3, 4, 5, and 6) in the fcm guest configuration were con-
structed. It should be noticed that bct and fct are two terminals
in these guest configurations, namely t = 1 is the bct configu-
ration, while t = N is the fct configuration, see Fig. S3a (ESI†).
With t increasing from 1 to 6, the unit cell increases from 116
atoms to 696 atoms, which is beyond the capability of DFT. The
energy of fcm with fct as the reference, calculated by the neural
network potential, is shown in Fig. S3d (ESI†). We can find
that the energies decrease monotonically with the increase of
t (b decreasing) at 30 and 40 GPa. At 50 GPa, t has a negligible
effect on the energy. While at 60 and 70 GPa, bct becomes
energetically favorable. This one step further confirms that the
bct configuration is energetically favorable when the pressure is
above 60 GPa.

In order to confirm the NN results, we calculate the energies
of fct (14/11) and bct (14/11) configurations by DFT. For
comparison, the energies of hcp and the Ccca structure are
also calculated. As shown in Fig. 2d, fct (14/11) becomes
energetically favorable at B20 GPa, which is consistent with
the experiment that Sc-I transitions to Sc-II at B23 GPa.
Comparing with fct (14/11), the energy of the H–G structure
with bct guest structures decreases as the pressure increases
and becomes the favorable structure above B62.5 GPa. When
the pressure is above 77.5 GPa, the Ccca structure becomes the
most stable phase. Though the DFT results show 12.5 Gpa
higher than the NN prediction, it confirms that the H–G
structure with the bct guest configuration has a lower energy
than that with the fct one. It is safe to conclude that the guest
structure undergoes a transition from fct (named Sc-Iia) to bct
(named Sc-Iib) before the Sc-II transition to Sc-III at 107 GPa.
This also may explain that the Sc-II with the fct structure is
unstable above 60 GPa by DFT calculations.25 This can also well
interpret the wide pressure stable range of Sc-II.

3.3 The transition mechanism from Sc-I to Sc-II

Sc-I to Sc-II represents an important phase transition type from
hcp to the incommensurate phase. Here, we use the 42-atom
cell with g = 1.241 and 32-atom cell with g = 1.331 to sample the
phase transition pathway between Sc-I and the H–G phase. By
using the SSW sampling method, more than 5 � 103 pairs of
initial and final states were obtained. The low energy reaction
quasi-pathways were obtained using the DESW method.
Finally, we refined the pathway by DFT calculations. As the
energy profile showed in Fig. 3a, we can find that the lowest
energy pathway (42-atom unit cell) has a reaction barrier of
32.0 meV per atom from DFT calculations (compared to 35 meV per
atom from NN). In contrast, the reaction barrier in the 32-atom unit
cell pathway is 44 meV per atom from DFT calculations (40 meV per
atom for NN). Both phase transition energy barriers are relatively
low, which indicates that the Sc-I (hcp) to Sc-II (H–G) solid phase
transition can occur at room temperature.

In addition to the reaction profile, Fig. 3b also shows the
atomistic transition mechanism of the phase transition. Both
pathways are linked by two monoclinic lattices. Along the
42-atom path, the closely packed (001)I plane is fluctuating

into the atom band without a notable plane. While in the 32-atom
path, the close packed (001)I plane evolves into the (310)II plane.
We note that there is no definite orientation relationship between
Sc-I and Sc-II analyzed by the phenomenological theory of
Martensitic crystallography (PTMC).44 The presence of the orien-
tation relationship was known to be an important feature in the
martensitic phase transition, where the phase transition involves
the collective movement during the phase transition.

Here, the transition from Sc-I to Sc-II is manifested by atomic
reconstruction with a negligible shearing movement (more in the
animation of the ESI†). From the crystallography perspective,
the one-to-one correspondence for the lattice (L(e1, e2, e3), ei being
the lattice vector) and atom (qi,. . ., qN) from one crystal phase to
another is defined by the reaction coordinates of QIS(L, q) -

QFS(L, q).45 In the incommensurate structure, it is not possible to
define the same QIS(L, q) - QFS(L, q) in the simple crystal because
the incommensurate structure used an approximant periodic
analogue. As a result, the atom movement pattern would change
once the g changed. For example, in the pathway II, the closely
packed (001) plane cannot transition into the (310)II plane if the
incommensurate ratio g changed. The presence of a structurally
‘‘disordered’’ guest sublattice (varying with pressure), a key char-
acteristic of the H–G structure, would change the phase transition
mechanism. For example, in the 48-atom pathway, see Fig. S4
(ESI†), two low symmetry intermediate structures are on the
pathway of Sc-I to Sc-II. In the context with experimental findings,
the reconstructive mechanism with the crystal–amorphous–crys-
tal path can well explain the Akahama23 experiment, where Sc-I to
Sc-II was found in the recrystallization mechanism.

3.4 Discussion

In this work, we further constrain the phase stability field of Sc
under high pressures (Table 2). Under hydrostatic pressures,

Fig. 3 (a) Energy barriers of two transition pathways from DFT calcula-
tions: 42-atom (Pathway I): blue; 32-atom (Pathway II): orange. (b) Struc-
tural snaps during the phase transition paths.
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Sc-I transitions to H–G Sc-II at 23 GPa, but the stable pressure
range of Sc-II (23–104 GPa) will decompose into two segments. In
between 23 and 62.5 GPa, the guest configuration of H–G Sc-II is
fct, and then it transitions to the bct guest configuration with the
host configuration remaining unchanged. We further predicted
that at higher pressures, e.g. above 104 GPa, in the experiment
(75 GPa from DFT calculations), Sc-II transitions to Sc-III. Although
the atomic structure of the Sc-III phase has not yet been solved by
experiments, our work proposed that Ccca would be the stable
Sc-III phase. We also predicted the crystal of Sc (Sc-IV) at a megabar
pressure, although they need more experimental studies to verify.

4. Conclusions

In summary, we developed an accurate global NN potential for
single element Sc and performed extensive SSW-NN global
optimization to collect the global PES data under high pressure.
We identified a set of subtle guest structural transitions in Sc-II,
which would be responsible for the wide stability pressure
range of Sc-II. The indefinite one-to-one correspondence for
the lattice and the atom in hcp to the H–G phase transition
mechanism will shed light on the nature of the incommensu-
rate structure in a variety of single element metals.
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